Abstract This paper revisits the debate about the appropriate differential equation that governs the evolution of knowledge in models of endogenous growth. We argue that the assessment of the appropriateness of an equation of motion should not only be based on its implications for the future, but that it should also include its implications for the past. We maintain that the evolution of knowledge is plausible if it satisfies two asymptotic conditions: Looking forwards, infinite knowledge in finite time should be excluded, and looking backwards, knowledge should vanish towards the beginning of time (but not before). Our key results show that, generically, the behavior of the processes under scrutiny is either implausible in the past and plausible in the future, or vice versa, or implausible at both ends of the time line.
Introduction
Most models of endogenous technological change posit a relationship that links the change in aggregate technological knowledge to the level of existing knowledge and the amount of human capital employed in research activity. The focus on steady states has led many authors to depict this link by means of two particular differential equations. The first variant has constant returns to the existing stock of knowledge in the creation of new knowledge (Romer 1990; Grossman and Helpman 1991; Aghion and Howitt 1992) . In these models the level of research activity is endogenous, and it reflects the extent to which the economy allocates its time-invariant labor endowment to manufacturing and research. A second variant was developed by Jones (1995) . He assumes decreasing returns to the existing stock of knowledge in conjunction with exponential population growth.
These variants are by no means universally accepted as an appropriate description of the production of knowledge. For instance, critics like Solow (2000) have pointed to the knife-edge character of the first variant. Indeed, with increasing returns, knowledge becomes infinite in finite time; with decreasing returns, the growth of knowledge peters out over time, precluding the possibility of steadystate growth. In a sense, Jones (1995) responds to the latter criticism by showing that steady-state growth is possible if exponential population growth acts as a countervailing force to decreasing returns. This paper revisits the debate about the appropriate differential equation that governs the evolution of knowledge in models of endogenous growth. We argue that the assessment of the appropriateness should not only be based on the forward-looking properties of such an equation. Rather, we show that the analysis of the backward-looking properties generates criteria that should be included in the overall assessment. By including the past, this approach extends and tightens Solow's critique, imposing a further constraint on the set of plausible processes.
Our analysis is based on the insight that once we stipulate an "initial" value for the level of knowledge, the solution to the chosen differential equation for knowledge determines its evolution for the time after and before the initial period. We may therefore look forwards and backwards at the implied evolution of knowledge. Essentially, by including the past, this approach deviates from the often encountered interpretation of the initial condition, which is seen as a "historically given constant." This interpretation tacitly assumes a structural break that must have occurred right before the initial period, such that the specified differential equation cannot account for how the economy arrived at the stipulated initial value.
We take the view that a plausible description of the evolution of knowledge should satisfy two asymptotic conditions. Looking forwards, we follow Solow (2000) in maintaining that infinite knowledge in finite time is impossible. Looking backwards, we require knowledge to vanish in the infinite past, but not in finite time. We call an evolution plausible if it satisfies these criteria. Intuitively, these conditions may be seen as minimum requirements to exclude absurd evolutions of key economic magnitudes. For instance, if we think of knowledge as an essential input in an aggregate Cobb-Douglas production function, then the idea behind Solow's criterion is that infinite per-capita income for a strictly positive population must be unattainable in the finite future. For the past, we add the requirement that per-capita income should vanish in the infinite past, yet not before. Since the
